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SUMMARY 
Power spectral methods of analysis are applied to flight test meas-
urements of the strain responses of a large swept-wing bomber airplane in 
rough air in order to determine the effects of airplane structural dynamics 
on the strain responses. Power spectra and frequency-response functions of 
the strain responses are determined and compared with the estimated results 
for a quaSi-static reference airplane condition. The results obtained 
indicate that the bending and shear strain responses are significantly 
amplified in rough air because of the effect of structural dynamics by an 
amount that varies from 10 to 20 percent at the root to about 100 percent 
at the midspan station. The amplifications appear to be larger for the 
high-altitude tests than for the low-altitude tests. The amplifications 
of strains appear to be predominantly associated with the excitation of 
the first wing-bending mode, although at the outboard stations and partic-
ularly for the shear strains significant effects also are introduced by 
high-frequency structural modes. 
The determination of airplane frequency-response functions for 
responses to atmospheric turbulence from measurements in continuous 
rough air involves a relatively new application of random-process tech-
niques. The results obtained appear to be subject to errors from a wide 
number of sources which give rise to distortions and sampling errors. 
A general analysis of the reliability of such frequency-response function 
estimates is presented and methods of estimating the distortions and 
sampling errors are developed. These methods are applied to the data in 
order to establish the reliability of the present results. The results 
indicate that with due precaution reliable estimates of frequency-response 
functions can be obtained. 
I 
l 
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INTRODUCTION 
The effects of airplane flexibility on the airplane loads and struc-
tural strains due to rough air are of major concern in the design of many 
modern airplanes. This subject has been under continual study during at 
least the past decade, and many useful result s have been obtained both in 
experimental and analytical studies. For the case of large unswept-wing 
airplanes in subsonic flight, experimental studies (refs. 1 to 3) have 
indicated that the effects of flexibility could give rise to substantial 
amplifications in the strains in rough air. In addition, analytic studies 
based on power spectral techniques incorporating relatively simple aero -
elastic analysis involving one or two symmetrical wing-bending modes have 
yielded good correlation with the flight - test results . (See refs. 4 
and 5.) 
With the increase of speeds into the high subsonic and supersonic 
regions and the associated introduction of new plan forms, particularly 
swept wings, the problems of aeroelastic response become both more impor-
tant and more complex . For these airplanes, static aeroelastic deforma-
tions give rise to significant changes in the airplane aerodynamics and 
stability. In addition, the dynamic aeroelastic behavior may be expected 
to involve significant aerodynamic twist due to bending. 
As a part of the investigation of the aeroelastic behavior of swept 
wings in rough air, a flight investigation involving a large flexible 
swept-wing airplane was recently undertaken. The initial results obtained 
on the overall effects of wing flexibility on the strains as measured by 
the root - mean-square stra in values and counts of peak strains have been 
presented in references 6 and 7. In addition, a few initial experimentally 
det ermined frequency-response functions for the wing-bending strain 
responses are given in reference 8. The present paper extends the results 
of references 6 to 8 and presents a more comprehensive treatment of the 
flight-test results in regard to the effects of aeroelasticity on the 
structural strai.ns in rough air. 
One of the objectives of the present analYSis is the evaluation of 
the effects of airplane flexibility on the wing strain responses to ver-
tical gusts. For t hi s purpose, power spectra of the measured strain 
responses at various spanwise stations are determined and compared with 
the e s timated strain power spectra f or a quasi-static reference airplane 
condition . However, the measured power spectra appear to be subject to 
errors arising from the effects of extraneous "noises" such as strain 
responses due to side gusts and the effects of reading errors. Therefore, 
the test mea surements were also used in order to determine the frequency-
r e sponse functions f or the strain responses to vertical gusts. These 
frequency-response functions are also compared with the s t rain frequency-
r esponse functions f or a quasi-static reference condition in order to 
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establish the effects of the dynamic flexibility on the strains in a more 
reliable manner. The frequency - response functions appear to be less sen-
sitive to the effects of noise, to describe the response characteristics 
of the airplane independently of the gust input, and also to have a num-
ber of other applications; they may be directly compared with the results 
of analytic calculations and thus serve as a guide to the reliability of 
such calculations; and they may be used for computing responses to arbi-
trary gust inputs of a specified or random nature. 
A second objective of the present paper is to present a general 
analysis of the reliability of power spectra and frequency- response 
estimates obtained by random-process techniques, particularly as these 
are affected by noises. These results have general application to gust 
response problems as well as other aeronautical problems. They are also 
specifically applied to the interpretation of the results obtained in 
the analysis of the present test data. 
The present paper is presented in two parts. In the first part 
random-process techniques are applied to the flight-test data in order 
to determine the various power spectra and frequency-response functions. 
The second part is devoted to the reliability of the techniques and pre-
sents a general analysiS of the effects of various types of noises on 
the measured power spectra and the frequency - response functions . The 
results obtained are applied to the flight - test data to assess the reli-
ability of the power spectra and the frequency- response functions obtained. 
b 
c( 
c 
EI 
f 
SYMBOLS 
normal acceleration, g units or ft/sec 2 
airplane span, ft 
co-power spectrum 
mean aerodynamic chord 
percent sampling error in amplitude of frequency-response 
function 
sampling error in phase of frequency- response function 
bending stiffness 
frequency, cps 
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F(w) frequency-response function of prewhitening operation 
g acceleration due to gravity 
OJ torsional stiffness 
H( ) frequency-response function 
Hc( ) estimate of frequency-response function obtained by cross-
spectrum method 
Hs( ) estimate of frequency-response function obtained by spectrum 
method 
h,i,k,m,} indices 
n,p,q 
I distance from center of gravity of airplane to angle -of-attack 
L 
m 
n 
n(t) 
q(w) 
RX(T) 
R[ ] 
t 
T 
6t 
v 
vane, ft 
scale of turbulence, ft 
number of lags used in calculations for auto- or cross-
correlation function 
number of observations in sample of time series 
noise signal 
quadrature spectrwm 
auto-correlation function 
cross-correlation function 
deSignates sum of lagged products used to estimate auto- or 
cross-correlation function 
designates real part of term in brackets 
time, sec 
specified time, sec 
time increment between successive readings of time history, sec 
airspeed, ftl sec 
- - - - - - - - ~- - - -- -----------.-------------~--------- ----,------------- ~--------------
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Wa airplane vertical velocity, ft/sec 
Wg J W vertical gust velocity, ft / sec 
W(t,y) gust velocity field experienced by airplane as a function 
of time and airplane span position 
x arbitrary input disturbance 
z arbitrary response 
ay vane - indicated angle of attack, radians 
y2( coherency function 
rl ( ),r2 ( span attenuation factors 
D trace deflection 
E strain indication, in . /in . 
EO strain indication per g as measured in s l ow pull-ups 
e pitch angle, radians 
pitch velocity, radians/sec 
phase angle by which response lags input disturbance 
<flx power spectral density function 
II>xz cross-spectrum density function 
a root -mean- square deviation 
root -mean- square reading error 
T time lag, sec 
fre quency, radians/sec 
I 
I 
I 
J 
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Subscripts: 
c calculated by cross-spectrum method 
s calculated by spectrum method 
0 initial value at time 0 
F front spar 
R rear spar 
A bar over a symbol denotes a mean value. Prewhitened data is indi-
cated by A over a symbol. The complex conjugate is indicated by an 
asterisk and a quantity contaminated by noise is indicated by a primed 
symbol. The absolute value of a complex quantity is indicated by I \. 
I. DETERMINATION OF FREQUENCY -RESPONSE FUNCTIONS FOR 
STRAIN RESPONSE TO VERTICAL GUSTS 
AIRPIANE, INSTRUMENTATION, AND TESTS 
The airplane used in the investigation was a B-47A six-engine jet 
bomber. For the present tests, an airspeed measuring boom, a fairing 
on the fuselage nose, and an external canopy mounted atop the fuselage 
to house an optigraph were added to the airplane. A photograph of the 
airplane is shown in figure 1, and a three-view drawing of the airplane 
is given in figure 2. The instrumentation pertinent to this report is 
shown in figure 2. The locations of the strain gages are indicated in 
inches from the airplane center line as measured perpendicular to the 
airstream . Some of the airplane characteristics pertinent to the present 
investigation are given in table I. The estimated wing and fuselage 
weight distributions applicable to the tests are shown in figure 3. All 
the fuel load is carried in three main and two auxiliary tanks located 
within the fuselage. The estimated spanwise torsional and bending stiff-
ness distributions are given in figure 4. 
The instrumentation included an NACA air-damped recording acceler-
ometer mounted near the center of gravity to measure normal acceleration. 
Electrical wire-resistance strain gages were installed on the front and 
rear spars at five spanwise locations (fig. 2) in order to obtain a meas-
ure of the local wing shear and bending strains. The strain gages were 
not calibrated against known loads, and the strain-gage outputs are used 
herein only as local strain indications. The strain-gage outputs were 
recorded on multichannel oscillographs . A standard NACA pitch-attitude 
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recorder and a magnetically damped NACA turnmeter were installed near 
the center of gravity in order to record the pitch angle and pitching 
velocity, respectively. A mass -balanced metal flow vane was mounted on 
t he nose boom to measure the angle of attack of the airplane for use in 
determining the gust velocities . 
Additional instrumentation included a standard NACA airspeed-altitude 
r e corder, a stagnation temperature recorder, and a statoscope. The stato-
scope, which is a sensitive pressure altimeter, was used, as will be dis-
cussed later, to check the vertical vel ocity of the airplane obtained by 
integrating the acceleration record. Control-position recorders were used 
to measure the aileron, rudder, and elevator displacements. The control-
position records were used to monitor the f l ight recor ds in order to 
insure that control movements by the pilot did not significantly affect 
the flight measurements during the test flights in rough air . A 
l6-millimeter motion-picture camera was used to photograph the fuel 
gages at 2-second intervals, and these recor dings wer e used in deter-
mining the weight of the airplane during the flight tests . A O. l-second 
chronometric timer was used to synchronize all the records. The natural 
frequencies, damping , sensitivities, and film speeds of the various 
instruments and recorders are given in tabl e II. 
The data were obtained during level flight in cl ear air turbul ence 
at two altitudes (approximately 5,000 feet and 35,000 feet) . The length 
of the record samples, the Mach number, weight, and center- of- gravity 
pos ition for the two test runs are summarized in the fol lowing table: 
Length of Center - of- gravity Altitude, record Mach Weight, position, ft sample, number Ib percent -
min c 
5,000 4 .0 0.63 113, 000 20 .0 
35,000 1·5 .64 112,000 20 · 3 
The test weights are low weight conditions ~or the airplane and do not 
r epr esent as severe a gust load condition as a heavier weight. The 
piloting techniques used involved slow control movements to correct for 
ma j or devia tions from the prescribed altitude and heading; minor devia-
t ions were not corrected for by the pilot . This control procedure 
approxi mate s an elevator-fixed condition inasmuch as the power-boost 
control system used on the test airplane causes the~control surfaces 
to be ess entially fixed except for pilot - controlled inputs. 
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METHODS OF DETERMININ1 FREQUENCY -RESPONSE FUNCTIONS 
One of the basic aims in the present analysis of the data was to 
derive estimates of the airplane strain response characteristics in 
rough air as defined by the frequency - response functions . Two methods 
are known for the determination of the airplane frequency-response func-
tions from measurements of the responses to random and continuous dis -
turbances. These two methods will be referred to as the spectrum and 
the cross-spectrum methods . In the present investigation, both methods 
are used. The spectrum and cross - spectrum methods are briefly outlined 
and the main features of each method are indicated in the followi ng 
paragraphs. 
The spectrum method for the determination of frequency-response 
functions is based upon the relation between the power spectrum of the 
response ¢z(w) of a linear system and of the disturbance ~x(w). (See 
ref . 9.) From this relation, the amplitude squared of the frequency-
response function is given by 
where 
¢x(w) 
(1) 
amplitude squared of frequency - response function determined 
by spectrum method 
power spectrum of airplane response 
power spectrum of disturbance or gust input 
The application of this method simply requires the determination of the 
power spectrum of the response ~z(w) and the power spectrum of the 
gust input ~x(w). One obvious limitation of the spectrum method is 
that no information on the phase relationship between the input and 
output responses is obtained. Phase information is frequently required 
in studies involving multiple disturbances and is also required for the 
determination of responses to arbitrary disturbances. 
The cross-spectrum method is based upon the relationship for linear 
systems between the power spectrum ~x(w) of a random input disturbance 
and the cross-spectrum ~xz(w) between the input disturbance and the 
system response to the disturbance (ref. 9). From this relationship, 
I 
I 
I 
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the frequency-response function is given by the following expression: 
He (m) (2) 
where 
cross spectrum between disturbance input and airplane response 
He (m) frequency-response function determined by cross-spectrum method 
Both the amplitude and the phase of the frequency - response function 
Hc(m) are obtained since ~xz is, in general, complex . 
The spectrum and cross - spectrum methods should yield identical 
results for the amplitudes of the frequency - response functions if very 
long period measurements are available and no extraneous noises are 
present in the measurements. In most practical applications, the avail-
able measurements will be limited and significant noise sources will be 
present. These two factors can seriously affect the reliability of the 
results obtained with both methods , each to different extents . In the 
present applications, noise arises from several sources, such as instru-
ment inaccuracies, reading errors, the effects of other turbulence com-
ponents on the airplane responses, and the effects of spanwise variations 
in the turbulence. The errors introduced by these types of noises appear 
to be large enough to warrant detailed consideration. The second part of 
this paper is, in fact, devoted to these problems and presents an analysis 
of the errors arising from these sources. 
EVALUATION OF DATA AND RESULTS 
The data-reduction procedures used involved the following steps: 
(a) Evaluation of the time histories of the pertinent measurements. 
(The measurements included the bending and shear strains at the various 
stations, related measurements of airplane acceleration, as well as the 
quantities required for the determination of the time history of verti-
cal gust velocity.) 
(b) Evaluation of the power spectra and cross-spectra for the vari-
ous quantities. 
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(c) Determination of the frequency-response functions. 
The procedures used in each of these steps will be discussed in order. 
Evaluation of Time Histories 
Strains . - As an indication of the general characteristics of the 
records obtained during flight in rough air, short sections of the time 
histories of the wing bending strains} shear strains, and acceleration 
at the center of gravity for the low-altitude tests are shown in fig-
ure 5. For comparison with these responses, the time history of verti-
cal gust velocity is also shown in the figure; the method used in deter-
mining this time history is discussed in detail subsequently. 
Evaluation of the strain records consisted of reading the deflec-
tion of each of the strain time histories at 0.05-second intervals. 
This choice was based on sampling considerations as discussed in refer-
ence 9 and on the fact that the records indicate little power at fre-
quencies above 10 cycles per second. The deflections read from the 
strain time histories were processed on automatic digital computers to 
obtain the incremental strain indication from the relation: 
where 
E 
5 
5 
E 
incremental strain indication 
trace deflection from reference, in. 
mean trace deflection from reference, in. 
trace deflection from reference due to known voltage (used 
to compensate for minor voltage fluctuations between the 
various gages) 
Quasi-s t atic reference condition.- In order to obtain a measure of 
the effe ct s of s tructural flexibility on the strains at the various sta-
t ions , a set of quas i-static reference strain histories is desirable for 
comparison with the actual measured strains. Unfortunately, airplane 
f light t est s cannot provide any direct basis for obtaining such static 
s t r a ins . An indirect method of establishing a set of quasi - static ref-
erenc~ stra ins from the flight-test data which has frequently been found 
useful i n previous studies (for example, refs. 5 and 6) is used in the 
---- ---- --- - --- - - - - - - - ------------- ------ -------------------.----------------------.---~-~---' 
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present analysis. This method involves two steps: (a) determination 
of the aerodynamic loads applied to the airplane, and (b) conversion of 
these loads to strains for a quasi-static airplane. For step (a), use 
is made of the airplane center- of-gravity accelerations . I n reference 6, 
it was indicated that for this airpl ane the airplane acceleration (as 
determined by averaging the local accelerations over the airplane mass) 
can be closely approximated if the effects of the vibrations associated 
with the higher frequencies (above 2 cps) are removed from the center-
of-gravity acceleration measurements. This objective was accomplished 
by a visual fairing of the record and is roughly equivalent to the appli-
cation of a low-pass filter with a cutoff at about 2 cps. This faired 
center-of-gravity acceleration was then used to provide a direct measure 
of the airplane loading. For step (b), these loads were converted to 
strains by using the strains per unit load (per g) as measured in slow 
pull-up maneuvers at the same speed and altitude. The values of strains 
per g used were reported in references 6 and 7 and are given in table III. 
(This procedure essentially neglects the interaction between the dynamic 
airplane vibrations and the aerodynamic forces and assumes that the span 
l oad distribution and the wing and tail contributions in gusts are the 
same as in pull-ups.) The strain measurements obtained on this basis may 
be viewed as an approximation to the strains that would be obtained for 
a pseudo-static airplane, that is, an airplane restrained from dynamic 
vibration. Consequently, comparison of the strains obtained on this 
basis with the measured strains in rough air provides a measure of the 
effects of airplane dynamic flexibility. 
Normalization procedure.- In order to facilitate comparisons between 
the strain measurements at the various stations and the strain for the 
quasi -static reference condition, all strain measurements were normali zed 
by using the strain values per unit load as measured in pull-ups for the 
various stations. The normalized measurements are defined as follows: 
Ea = 32.2 E 
EO 
(4) 
where EO i s the str ain indication per g as measured at the various sta-
tions i n slow pull-ups at the same speed and dynamic pressure. The nor -
malized values of strain indication Ea may thus be viewed as having the 
same units as acceler at ion, that is, feet per second per second. The 
results for the various power spectra and frequency-response functions 
of the str ain measurements will be presented in this form. This form of 
presentat ion has the special merit of permitting the use of a single 
quasi-static reference strain spectrum or frequency-response function for 
direct compari son with the strain re sponses at the various stations; it 
thus also permits dir ect comparison of the relat ive effects of flexibility 
on the strains for the various stations . 
I 
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Vertical-gust velocity.- The method used to determine the vertical-
gust velocity is essentially that given in reference 10 and is based on 
flow-direction vane measurements and involves corrections for airplane 
motions. The method of reference 10 relates the vertical-gust velocity 
to the vane-indicated angle of attack and airplane motions by the fol-
lowing equation: 
where 
V 
8 
. 
8 
vertical-gust velocity, ft/sec 
airplane forward speed, ft/sec 
vane-indicated angle of attack, radians 
pitch angle, radians 
airplane vertical velocity, ft/sec (The sign convention of wa 
is positive upward and is opposite to that used in ref. 10) 
pitching velocity, radians/sec 
distance from angle-of-attack vane to center of gravity of 
airplane, ft 
Equation (5) is based on the following assumptions: 
(1) All disturbances are small. 
(2) Bending of the boom which supports the vane is negligible. 
(3) The effects of variations in upwash on the vane-indicated 
angle of attack are negligible. 
In the application of equation (5), a number of problems are 
encountered. The pitch-attitude measurements, as is frequently the 
case, contained a slow rate of drift. It was therefore decided to 
determine e by integration of measurements of pitch velocity e. In 
addition, wa was not measured directly but was determined by integra-
tion of the center- of-gravity normal acceleration measurements. All 
measurements were read as increments from the mean values for the whole 
record. With these modifications, the actual evaluation procedures are 
g iven by: 
l __________________________________________________________________________________ -----------------______________ ~ 
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wo + 2 (8 - ~) (6) 
Values of the pitching velocity e and the acceleration an were 
read at 0.05-second intervals and the vane-indicated angle of attack av 
at O.l-second intervals. The quantities 8 - ~ and an - an were then 
numerically integrated by use of the trapezoidal rule. (As discussed in 
ref. 11, this method of integration attenuates the higher frequencies; 
the amount of attenuation in the integrated results increases with 
increasing frequency. In the present case, where the integrations were 
performed by using 0 .05-second-interval readings, the attenuation is 
negligible at the lower . frequencies, about 5 percent at a frequency of 
2.5 cps, and 20 percent at a frequency of 5 cps.) The initial value of 
the vertical velocity of the airplane wo was estimated from the slope 
of the pressure altitude record taken with the statoscope. Ae a check 
on the integrations, the acceleration au(t) was integrated twice and 
compared with the altitude trace taken with the statoscope. The initial 
incremental value of the pitch angle 80 could not be accurately deter-
mined and the term was therefore omitted in the computations . This 
omission has a negligible effect on the calculated power spectra of the 
gust velocity. 
The time history of the vertical-gust velocity for the 4-minute 
test flight at 5,000 feet was determined at time intervals of 0.1 second. 
For the high-altitude tests, large -amplitude high-frequency oscillations 
of the vane - indicated angle of attack were present. The poor quality of 
the vane record for these high-altitude tests is apparently the result 
of the d·ecrease in aerodynamic damping of the vane at high al ti tude. 
Reliable gust-velocity measurements could not be obtained for these data 
and thus no use will be made of the gust data for the high-altitude run . 
As a consequence , frequency- response functions could not be determined 
for this case. 
Power Spectra and Cross-Spectra Determinations 
Power spectra .- The procedures used in the determination of the 
power spectra and cross-spectra are essentially the same as those out-
lined in reference 9. The power spectrum of a disturbance x(t) is 
defined by 
I 
I 
I 
I L _____ _ 
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where RX(T) is the autocorrelation function defined by 
JT/2 x(t) X(t+T) dt 
-T/2 
The numerical procedures used for n equally spaced readings 
(8) 
xl ) •. . xn involve the estimation of values of RX(T) for m + 1 
evenly spaced values of T from 0 to m 6t by 
~...:J? ~ == -n - :- p L XqXq+p 
q:::l 
(p ::= 0, 1, . . . m) 
Fir s t r aw estimates of the power are obtained by 
m 
2 6t L 
p==O 
where 
hprc ~~ cos m 
1 
a.... - 1 .I:' -~ 
(h == 0, . . . m) (10) 
(0 < P < m) 
(p 0, m) 
Final or smoothed estimates of the power ar e then obtained by 
111 ~ = 4 ~-1 + "2 ~ + 4 ~+l (1 < h < m - 1) (11) 
1 1 ill == - L + - T. 
m 2 m- l 2 ~ 
-------1 
I 
I 
I 
I 
I 
I 
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As discussed in reference 
over the frequency range 
9, these estimates 
h-rr + 2-rr 
-- -
m.6t m.6t 
15 
are averages of the power 
In the actual reduction of the data, the time -history data for the 
low-altitude tests were first divided into two segments, designated 
hereafter as samples 1 and 2 and covering the first and second 2 minutes 
of flight in rough air, respectively, in order to have a check on the 
consistency of the results. Power spectra were then obtained of the 
measured accelerations an and the incremental strain indications €a 
for both samples 1 and 2 of the low-altitude data. For the high- altitude 
data, no such division was used owing to the short sample available. The 
power spectra were determined from O.05- aecond- interval readings (.6t = 0.05) 
and for a value of m = 60. The calculations thus yielded 61 power esti-
mates uniformly spaced over the frequency range of 0 to 10 cps. This fre-
quency range appears to be sufficient to cover all the predominant fre-
quencies present in the various responses. 
As an illustration of the consistency of the data, the power spectra 
of an for samples 1 and 2 of the low-altitude tests are plotted in fig-
ure 6. The root-mean-square values of acceleration a are also shown 
in figure 6. Except for a difference in intensity, the two spectra are 
very s imilar. A comparison of the power spectra of an for the tests 
at 5, 000 feet and 35,000 feet altitude is given in figure 7. 
The power spectra of the strains €a for the front and rear spars 
at various spanwise stations and at the two altitudes are given in fig-
ures 8 and 9 for the bending and shear strains, respectively . (The 
r esults ~(f) presented in figures 8 and 9 are in t erms of the fr e -
quency argument f, where ~(f) = 2rt~(ill).) The strain spectra shown are 
for sample 1 inasmuch as the differences between the spectra for the two 
samples were, in all cases, small and similar to the difference between 
the power spectra of an for samples 1 and 2 shown in figure 6. In 
each case , the power spectrum of the airplane acceleration (faired 
center-of-gravity acceleration) is shown as the quasi-static reference. 
Pr ewhitening of vertical-gust velocity . - Inasmuch as the power spectra 
of gust velocity were expected to have a large peak in power at the low 
frequencies (based on examination of the gust time history and previously 
obtained gust spectra) , the gust time history was filtered or prewhitened 
(see ref. 9) to minimize the possible distortion of the power spectra 
from diffusion of power from the low frequency end to the high frequencies. 
In order to reduce the relative power at the low frequencies, a high pass 
digital filter was applied to the time history data of vertical-gust 
velocity wg . The filter used is defined by 
16 
where 
6t 
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(12) 
prewhitened gust velocity 
time interval between successive values of Wg (0 .1 second 
for present application) 
This linear operation in the time plane corresponds to the multi-
plication in the frequency plane by the function 
F(m) ~ 1 _ e-i~t 
Thus, the Fourier transforws of wg(t) and wg(t) (denoted by wg(m) 
and wg(m)) are related by 
(14) 
The operation involves both an amplification and phase shift. The rela-
tion between the power spectra of w(t) and w(t) is then given by 
<l>w(m) 
2 - 2 cos m 6t 
and must be applied to the power spectrum of <l>~(m) in order to recover 
the desired spectrum <l>w(m) . 
The power spectra of vertical gust velocity for the two parts of 
the low-altitude test run are shown in figure 10 as a further check on 
the consistency of the results. 
Cross-spectra. - The cross-spectra between the verti cal-gust velocity 
and the -various airplane responses were also deterwined by using the gen-
e ral procedures outlined in reference 9. The cross-spectrum between a 
disturbance x(t) and a response z(t) is defined by 
I 
l 
- - - - - - ------- ~------------- - 1 
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(16) 
~Xz(rn) ::: c(rn) - iq(rn) 
where RXZ(T) is the cross -correlation function; c(rn) is the co spectrum; 
and q(rn) is the quadrature spectrum. These terms are defined by 
JT/2 lim ¥ x(t) Z(t+T) dt T ~ ex> -T/2 
(18) 
The numerical procedures used involved the determination of RxZ(T) at 
equally spaced values of T from the n equally spaced readings 
xl' . . . xn and zl" . zn by the relation 
n-p 
Rp = n ~ p L XqZq+p 
q==l 
(p = -m, - (m - 1), . . . m) 
Cospectrum and quadrature spectrum estimates are then obtained by 
m 
(20) 
6t L ~ (Rp + R_p) cos hp1t ch 1! m (h ::: 0, 1, . . . m) (21) 
p:::O 
m 
6t L ~ (~ )' hpJ! qh == - R s in--1t -p m (h 0, 1, ... m) (22) 
p=O 
18 
where 
1 
B-p = 2 
B-p = 1 
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(p 0, m) 
(p " 0, m) 
The smoothing operation given by equation 
applied to the cross - spectrum estimates. 
(11) for the spectra is also 
The final estimates also pro -
vide estimates of the average power over the frequency range ~ + 2rc 
m 6t - m 6t· 
In the application of these relations to the present data, the pre-
whitened time history of the gust velocity was used. The compensation 
for this prewhitening thus requires that estimates of the cross - spectrum 
be divided by F(~) (from eq . (13)) in order to obtain the appropriate 
results. Thus, the desired cross-spectrum ~xy(m) is obtained from the 
cross-spectrum ~xz(m) based on the prewhitened gust time history by 
the relation 
~xz (m) 
1 _ e im6t 
Frequency-Response Functions 
The results obtained from the foregoing procedures for the required 
power spectra and cross-spectra may be used in equations (1) and (2) to 
obtain estimates of the frequency-response functions. In terms of the 
quantities defined in equations (11), (21), and (22), these relations 
become 
(24) 
and 
IRe (m) I (25) 
the phase lag ~(m) of the response being given by 
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where (l) = h1! 
m .6t 
19 
(26) 
and h = 0 , 1, . . . m. These estimates are, of course, 
for the average over the respective band widths as was the case for the 
individual power spectra and cross - spectra. 
Frequency-response functions of the center-of- gravity acceleration 
and of the wing strains at the different stations were calculated by 
both the spectrum and cross - spectrum methods for the low-altitude tests. 
As an illustration of the difference between the frequency - response 
functions obtained by the two methods, the two :frequency-response func-
tions for the center-of-gravity acceleration are given in figure ll(a). 
The reasons for the observed differences are explored in the second part 
of this paper and will be discussed in detail therein. 
In general, the analysis of the second part of this paper indicates 
that the cross-spectrum estimates are less subject to systematic errors 
or distortions arising from a variety of noise sources. In addition, 
only the cross-spectrum methods provide phase information. For the s e 
reasons) only the results obtained by the cross-spectrum method,s are pre-
sented. Figures 12 and 13 present the frequency- response functions 
obtained for the bending and shear strain responses at the various sta-
tions. These results form the principal results of the present investi-
gation. The frequency-response function for the faired center-of-gravity 
acceleration, which, as indicated earlier) is used to represent a refer-
ence quasi-static airplane condition, is also given in each case for 
comparison. 
Inasmuch as the gust velocity was only determined at time increments 
.6t of 0.1 second, the cross - spectra and frequency-response functions were 
based on the O.l-second time interval readings and 61 estimates (m = 60) 
were obtained for the frequency region of 0 to 5 cycles per second . As a 
consequence, there is some distortion arising from power present above 
5 cycles per second due to "foldover" effects. (See ref. 9. ) These dis-
tortions are) however) generally negligible below 2 cycles per second and 
are small between 2 to 3 cycles per second. Also) the analysis of part II 
indicates that the results at the higher frequencies) above 3 cycles per 
second, are too unreliable for use. Accordingly, the results shown in 
figures 12 and 13 are restricted to the frequency region of 0 to 3 .cps . 
For this frequency region, the present results tend to underestimate the 
true values by an amount that increases with frequency from about 5 per-
cent at 0·3 cps to values in excess of 30 percent above 2 cps. 
The frequency-response functions shown in figures 12 and 13 are 
based only on calculations for sample 1 in order to reduce the calculation 
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burden. In a few cases, the frequency-response funcUions were also deter-
mined for sample 2 in order to check the consistency of the results. Fig-
ure 14 shows a comparison of the results obtained for the two samples by 
the cross-spectrum method for the case of the normal acceleration response. 
The results are seen to be in good agree~ent, as might be expected from 
the sampling theory considerations of part II. Equivalent consistent 
results were also obtained for several of the strain responses and thus 
this reduction in calculation time was justified. 
EFFECTS OF AIRPLANE FLEXIBILITY ON WING STRUCTURAL STRAINS 
Power Spectra of Strains 
Examination of the power spectra of bending strains (fig. 8) for 
the low-altitude tests indicates that almost all the strain power is 
concentrated at frequencies below about 2 cps for both the front and 
rear spars. In this frequency region, the power appears to be concen-
trated in three principal lobes or peaks; a power peak close to zero 
frequency, a second peak at 0.5 cps, and a third large peak at 1.5 cps. 
The very low frequency power peak is largely confined to the outboard 
stations and appears to be a reflection of the airplane rolling response 
to side gusts, aileron control motions, and asymmetries across the 
airplane span in the vertical gusts. This peak thus has no relation to 
airplane flexibility effects. The second power peak ~t 0.5 cps is asso-
ciated with the airplane short-period mode and is of relatively uniform 
magnitude at the several stations. The small variations in the magnitude 
of this peak are, to a large degree 7 probably associated with minor inac-
curacies in the strain per g values of table III obtained from the pull-up 
maneuvers. The power peak at 1.5 cps is a reflection of the airplane first 
bending mode. At the inboard station, this peak is not as pronounced as 
is the short-period power peak. However, at the midspan stations, the 
magnitude of this first bending peak increases by a large amount and pro-
vides the major contribution to the strains at these stations. 
Comparison of the power spectra of the strains at the various sta-
tions with the reference power spectrum indicates that the effects of 
flexibility are principally reflected in large amplifications of the 
strain responses in the frequency region of the fundamental wing-bending 
mode. At frequencies above 2 cps, there is some reflection of the , effects 
of hig~er structural modes, particularly at the outboard stations where a 
moderate power peak at 4.5 cps can be discerned. There appears to be 
little difference between the power spectra of bending strain for the 
front and rear spar. 
In order to obtain a simple overall measure of the effects of dynamic 
flexibility on the strains, the root-mean-square values for the various 
power spectra were determined and are shown in figure 8 . For this pur-
pose, the power in the peaks of the spectra for the outboard stations at 
---- - - ---- -- - - - ------ - - - - ~~--------------~----------,-----~---------~--------~ 
,---
I 
, 
I 
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very low frequency (below 0.3 cps) was not used inasmuch as this power 
appears to be associated with the airplane lateral response motions and 
has no bearing on elastic response characteristics. The root-mean- square 
values are seen to be lowest for the root station and increase to about 
twice this value for the midspan station. Comparing these values with 
the root-mean-square values for the reference condition indicates that 
the overall amplification in root -mean-square strain arising from elastic 
effects is about 10 percent at the root and increases to about 100 per-
cent at the midspan stations. 
The power spectra for the strains for the high altitudes ,(fig. 8(b)) 
show much the same general characteristics as those observed for the 
low-altitude data. Two observations are worth noting for the high-
altitude data: first, the indication that the peak in strain power 
associated with the first bending mode at a freq~ency: of 1.5 is much 
more pronounced in this case than in the case of the low-altitude data. 
This condition indicates that the dynamic amplification associated with 
flexibility is more pronounced at the higher altitudes as a consequence 
of the lower aerodynamic damping associated with the reduced dynamic 
pressure. A second point of interest is the clear reflection of a sharp 
peak in the quasi-static reference power spectrum . This peak is a 
reflection of the increased effect of the first flexible mode on the 
center-of-gravity accelerations at the high altitudes. As a consequence, 
this spectrum is not as well suited for a quasi - static reference condi-
tion for determining dynamic amplifications as was the case for the l ow-
altitude tests. 
The root-mean-square strain values for the various spectra are also 
shown for the high-altitude results. Comparing the values for the vari-
ous stations with the root -mean-square value for the quasi-static refer-
ence condition indicates that the overall strain amplification arising 
from structural dynamics is about 20 percent at the root station and 
increases to about 100 percent at the midspan station. 
The power spectra of the shear strains of figure 9 show much the 
same general characteristics as the bending strains. A number of dif -
ferences are, however, worth noting. First, the effects of the rolling 
motions on the strain peak close to zero frequency seem more pronounced 
in the case of shear strains than was the case for the bending strains. 
In addition, the effects of the higher structural modes are also more 
evident with indications of' minor strain peaks at frequencies of 2.2, 
3.2, and 4.5 cps. Comparison of the strain records obtained at the 
inboard stations on the right and left wings indicates that the struc-
tural modes at 2.2 and 4.5 cps are antisymmetric modes. A final point 
worth noting for the shear strain responses is the large variations 
between the power spectra for the front and rear spars at the various 
stations. The overall effects of flexibility on the shear strains as 
reflected by the root-mean-square strains appear to follow the same 
general pattern noted for the bending strains but display somewha.t 
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larger strain amplifications and a somewhat less orderly pattern. The 
lower value for the root station than for the reference condition is 
somewhat unexpected and is believed to be in part a result of minor 
inaccuracies in the strain per g values determined from the pull-up data. 
Frequency-Response Functions 
The frequency-response functions of figures 12 and 13 serve to indi-
cate in a clearer fashion the overall effects of the flexibility. Con-
sideration of the results presented in these figures indicates that the 
effects of flexibility show up principally in a large amplification of 
strains in the neighborhood of the first bending mode. As one considers 
the various frequency - response functions from the root station to the 
outboard stations, it is clear that the peak associated with the first 
flexible mode is small at the root station but increases rapidly toward 
the midspan stations. The effects of the first flexible mode appear to 
be relatively small at the farthest outboard station. When the results 
obtained for the phase are considered, it appears that at low frequencies 
the strain responses are essentially in phase with the airplane accelera-
tion response. However, at frequencies above 1 cps, the strain response 
lags the acceleration response by an increasing amount as the frequency 
increases. Above 2 cps the phase data are somewhat erratic. This 
behavior is believed to be in part the effect of the complicated phase 
behavior at these frequencies and the limited reliability of the results 
at the higher frequencies. 
It should be noted that the amplitudes of the frequency-response 
functions given in figures 12 and 13 are to some degree, contaminated 
by systematic errors or distortions res~ting from the presence of noise 
in the measurements . The analysis given in part II indicates the ampli-
tudes are too low by an amount that varies with frequency, increase slowly 
from 0 percent at 0 cps to 5 percent at 0.3 cps, and then increase more 
rapidly to about 30 percent at 2 cps and 50 percent at 3 cps. Adjustments 
for these distortions should be made when the present results are compared 
with results obtained in other investigations for this airplane. These 
adjustments should also, of course, be used in the calculations of the 
responses of the present airplane to other gust disturbances. 
II. RELIABILITY OF ESTIMA.TES OF FREQUENCY -RESPONSE 
FUNCTIONS OBTAINED BY RANDOM-PROCESS TECHNIQUES 
In part I of the present paper, it was indicated that the frequency-
response function H(m) of a linear system can be estimated from meas-
urements of the response z(t) of the system to a random-input disturb-
ance x(t). For this case, estimates of the frequency-response function 
for the response z(t) to unit Sinusoidal disturbances in x{t) may be 
determined by either the spectrum method or the cross-spectrum method as 
given by the following expressions: 
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<llz (m) 
== ---
and 
Hc(m) (28) 
where 
power spectra of x(t) and z(t), respectively 
cross - spectrum between x(t) and z(t) 
Note that only the amplitude of the frequency- response function may be 
obtained from the spectrum method (eq . (27)) whereas both the amplitude 
and phase of the frequency - response function are obtained f r om the cr oss -
spectrum method (eq . (28)). In many applications of these methods , such 
as those given in this paper, the reliability of the spectra and the 
frequency -response function estimates appears to depend heavily upon the 
extent to which extraneous disturbance factors , which mi ght be termed 
noise , are present in the measurements. The purpose of this section is 
to examine the manner in which the estimates obtained by these two 
methods are affected by various types of noises . The types of noises 
to be considered include : (a) random errors in x(t) and z(t) that 
might be introduced by i nstrument and reading error , (b) effects of 
extraneous disturbances such as other turbulence components on the 
response z(t), and (c) effects of spanwise variations in the turbulence . 
I n general, noises of these types have two principal effects on the 
estimates . First, noises introduce systematic errors or distortions in 
the estimates , and second , noises give rise to a decrease in the sta-
tistical reliability or an increase in random sampling errors . The 
effects of the various types of noises on these two types of errors are 
first established in a general form . These results are then used to 
establish the reliability of the estimates 'of the frequency- response 
functions obtained from the test data . 
COHERENCY FUNCTION AND STATISTICAL RELIABILITY 
. '
Coherency Function 
In the analysiS of the relations between any two random processes 
x(t) and z(t), such as the input gust disturbances and the strain 
24 NAeA TN 4291 
responses of the present study, the concept of a coherency function 
y2(w) as defined by 
I ¢xz (w) 12 
¢x (w)' ¢z (w) 
is known to playa central role. (See ref. 12.) The coherency function 
may be viewed as a measure of the degree to which two processes are 
linearly related. If two processes are in perfect linear relation, then 
the coherency function has a value of unity for all frequencies. At the 
other extreme, if two processes are linearly independent, then the cross-
spectrum ¢xz(w) = 0 and likewise y2(w) = O. Such uncorrelated processes 
are termed incoherent. For two processes which are only partially linearly 
related, as is the case when extraneous noise is present, the cOherency 
function will lie between 0 and 1, the value depending upon the ratio of 
the coherent power of the two processes t~ the total power as given by 
equation (29). 
The coherency function can also be expressed in terms of the quan-
tities Hc and Hs and from equations (27) to (29), 
If the coherency function is equal to one, the estimates of the amplitude 
obtained by the two methods will be identical. However, if the coherency 
function is less than one, the estimates of the amplitude of the frequency 
response based on the spectrum and cross-spectrum differ . Either one or 
both of the estimates may be distorted, the amount of distortion depending 
upon the character of the extraneous noise, as will be seen subsequently. 
Thus, the reduction of the coherency function from the perfect value of 
unity provides a danger signal that distortions may be present in the 
estimates. The amount of distortion present, in any given case, depends 
upon the character of the noise and whether it affects the input or out-
put as will be indicated. The effects of various types of noises are 
examined in order to establish their effects on the coherency function 
and to establish the associated distortions. 
Statistical Reliability 
The coherency function is also important in connection with the 
magnitude of the sampling errors. In reference 12, the statistical 
reliability of estimates of the frequency-response function is derived 
_____________ ___ _ _________________________________ r-_____ ~ _____ ~ _______ ------' 
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for the case of stationary Gaussian random processes. The results 
obtained therein indicate that the statistical reliability of the esti -
mates obtained for the frequency - response function (~(m) or BS(m)) 
depends upon the three basic quantities: the sample size n or number 
of readings, the number of frequency points at which estimates are 
derived m, and the coherency function y2(m) between the measured 
input and the measured response. Figure 15 is based on the results of 
reference 12 and gives the 90-percent confi dence bands for the quantity 
iIIc(m)\ - IH(m)1 
I H(m)/ 
which is the percent error in the amplitude of the frequency- response 
function and for the - quantity E2, the error in the phase angle. These 
quantities permit the establishment of the interval within which the 
amplitude and phase angle for the true frequency - response function H(m) 
will probably lie. For example, for n = 1,000, m = 60, and y2 = 0.90, 
the percent error El in the amplitude is ±15 percent . Thus, 
(32) 
with a probability of 90 percent. It fol lows from equation (32) that 
the associated 90-percent confidence band for the true value of the 
amplitude of the frequency - response function H(m) is given by 
The confidence band for the phase angle may also be obtained from fig-
ure 15 and is given by the interval defined by the measured phase angl e 
plus and minus E2, the value obtained from figure 15 . For n = 1,000, 
m = 60, and y2 = 0.90, E2 = ±0 .l5 radian. 
Examination of figure 15 indicates that, for a given sample size n 
and a given value of m, the percent error and thus the width of the con-
fidence bands increase rapidly as the coherency decreases. For exampl e, 
for n = 1,000 and m ~ 60, the percent error in amplitude increases 
from about t15 percent for y2 = 0 .90 to ±40 percent at y2 = 0.50 and 
to t70 percent at y2 = 0 . 25. Similarly, the confidence band for the 
phase angle increases from about ±0.15 radian at y2 , = 0.90 to 
±0.75 radian at y2 = 0.25. Thus, the statistical reliability of the 
results is strongly dependent upon the level of the coherency function. 
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EFFECTS OF NOISES ON FREQUENCY-RESPONSE FUNCTION ESTIMATES 
Elementary Cases of Noise 
The effects of the presence of noises in the measured quantities, 
the input x(t) or the response z(t), on the spectra, cross-spectra, 
coherency functions, and the estimates of the frequency function will 
be examined in this section of the paper. The basic approach to be 
used will consist of considering the input and output x(t) and z(t) 
to be contaminated by a random noise net). Thus, the contaminated 
quantities are given by 
x' (t) = x(t) + nl (t)} 
z'(t) = z(t) + n2(t) 
(34) 
where nl(t) and n2(t) are used to designate a random noise in the 
input and output measurements, respectively. The average effect of these 
noises on the various quantities may be examined by substituting the con-
taminated quantities of equation (34) for their uncontaminated counter-
parts in equations (27), (28), and (29). 
~wo elementary cases of noise contamination and their combination 
are first considered in this section. These cases are defined by the 
following sketches: 
x(t) z(t) 
net) x'(t) = x(t) + nl(t) 
(a) Noise in measured input (b) Noise in measured output 
Case a): Noise in measured in ut.- If the input is contaminated 
by a random noise nl t , the following relations exist between the 
spectra ana cross - spectta i nvolving x(t) and XI(t): 
~- - - - - - - - - - - - - - - - - - - - - -- - -~-----------------~--------------~---------~----------------' 
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and 
where the double subscripts are used to designate the respective cross-
spectra and R designates the real part of the complex quantity. Thus, 
both the input spectrum and the cross-spect rum are contaminated by hoise 
terms . The frequency - response function estimates based on the contami-
nated input x '(t) will in turn yield 
and 
(38) 
It is clear that in both cases the estimates of the frequency- response 
function are contaminated by noise terms but the noise affects each 
estimate in a different manner. In each case, the degree of contamina-
tion depends upon the noise level and its relation to the input . For 
the spec i al case of noise whi ch is incoherent to the input (~xnl(ru) = 0), 
a simpler result is obtained and this case is of parti cular interest . 
For this case, only the input spectrum is contaminated; thus 
and 
4>xz (ru) (40) 
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(41) 
Thus, the degree of contamination at the various frequencies is pro -
portional to the noise -to - signal ratio in both cases but is twice as 
large in the cross - spectrum case as in the spectrum case . Both esti -
mates tend to underestimate the amplitude of the frequency- response 
functions . However, the estimate of the phase obtained by the cross -
spectrum method is unaffected since both the real and imaginary terms 
are contaminated to the same degree . 
The coher ency function for the general case of noise in the input is 
given by 
I ~xz(m) + ~nlz(m) 1 2 
1'2(m) == ----------'------
~z (m) {~x(m) + ~nl (m) + 2R ~xnl (m)] } 
(42) 
which for the case of incoherent nOise reduces to 
1'2(m) 1 == 
1 + 
~nl (m) 
~x (m) 
1'2(m) :::::: 1 -
~nl(m) 
~x(m) 
The reduction in 1'2(m) thus depends directly on the ratio of the noise 
power to the input signal power . 
i 
I 
_____________________ , _____________________________ .l 
I 
I 
- -- -- ---~--~~~~----~ 
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Note that from e~uations (39) and (43) 
(44) 
Thus, the coherency ratio may be_used directly for this case to adjust 
for the distortions due to random and incoherent input noise. 
Case (b): Noise in measured output.- For the case of noise in output, 
only the spectra involving the output are contaminated and the estimates 
yield 
<I>xz ((1)) + <I>xn2((1)) 
<I>x((1)) 
which, for the case of incoherent noise , reduces to 
and 
He ((1)) 
He ((1)) == H((1)) 
(46) 
Thus for this case, the cross-spectrum method yields unbiased estimates 
of both the amplitude and phase of the frequency-response function whereas 
l _______________________________________________________________ ________ _ 
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the spectrum estimate of the amplitude is distorted and overestimated 
in proportion to the ratio of noise power to the output signal power. 
The coherency for this case r2(ru) is given by 
I~xz(ru) + ~xn2(ru)12 
r2(ru) := ---...:...-------..::..-..-:---- (48) 
~x (ru) {cllz (OJ) + clln2 (OJ) + 2R rn2z (OJ)J I 
which reduces in the case of a noise which is incoherent to the output 
to 
1 (49a) 
1 + 
or 
where the coherency is reduced by the ratio of noise power to output 
signal power. In this case, also, uncontaminated estimates may be 
recovered. Note that in this case, 
H(ru) := He (ru) } 
!H(ru)! := r(ru) IRs (ru)! 
Noise in both input and output.- If noise nl(t) is present in 
the input and noise n2(t) is present in the output, the estimates 
obtained are: 
~z (ru) + ~n2 (ru) + 2R [~zn2 (ru)] IRs (ru) 12 := ------=-----=-
~x (ru) ,+ ~nl (ru) + 2R [cllxnl (ru)] 
- ~ - - -- - - -- --------~~~---.---~----~----------,------- ----~--------~ 
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For noises incoherent to the signals and to each other, these equations 
reduce to 
i Equations (53) indicate that the noises may be self-balancing in the 
i - spectral case whereas only the input noise affects the cross-spectral 
case. 
If significant noises are present in both the input and output, 
the coherency function is given by 
which, for the incoherent case, reduces to 
I 
I 
~ 
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or 
"l(m) (56) 
for ~nl(m)« ~x(m) and ~n2(m)« ~z(m), the reduction in coherency 
being in proportion to the sum of the ratios of noise power to signal 
power for both the input and output. 
Examination of the results given by equations (53) to (56) indi-
cates that, in the case of noise present in both the input and output, 
uncontaminated estimates of H(m) can no longer be recovered directly 
from the contaminated estimates as was the case for only one noise. 
Additional information on the magnitudes of the two ratios of noise 
power to signal power is required for such corrections . Such sup-
plementary information may sometimes be available to permit correc-
tions for these distortions to be made. For example, certain types of 
film-record reading errors have been studied and were found to have 
roughly white power spectra with root-mean-square reading errors of 
about 0.003 inch of film deflection. Corrections for such effects are 
actually explored subsequently in regard to the results given in part I. 
(It should be noted that the designation of the input and output is) 
from a mathematical viewpoint, arbitrary. Thus z(t) may be considered 
the input and x(t) the output for a reversed system. This procedure 
moves the noise from the input to the output or vice versa. However, 
the results obtained for the estimates of the frequency-response func-
tion for the reversed system are equivalent to those obtained for the 
direct system when the appropriate corrections for the distortions due 
to noise are applied.) 
The foregoing cases of noise contamination all lead to significant 
reductions in the coherency function and, aside from their effects in 
introducing distortions, also lead to increased statistical sampling 
errors as indicated by figure 15. 
Effect of Additional Gust Components 
Some airplane responses may be affected by more than one gust com-
ponent. For example, in addition to the vertical component of the tur-
bulence, the longitudinal (head-on) and side components of turbulence 
may sometimes give rise to significant effects, particularly at low fre-
quencies, on the root bending strains. The following sketch indicates 
the nature of the case to be considered: 
~--------------------~------- - ------------------------ ------------------------------r__-------------------------______ ~ 
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where xl' for example, is the vertical gust velocity; x2' the side or 
head-on gust velocity; and HI and H2 designate the respective 
fre Quency-response functions for responses in z. This case will be 
recognized as a special case of noise in the output as considered in 
the previous section. For sinusoidal disturbances in xl(t) and X2(t) 
at a given freQuency, the amplitude of the response in z(t) is given 
by 
wher e Z(m), Xl(m), and X2(m) are the Fourier transforms. If equa-
tions (27) and (28 ) are applied to measurements of xl(t) and z(t) 
f or the purpose of estimating Hl(m), the following express ions for the 
estimates of the frequency-response function are obtained: 
and 
He (m) (59) 
Thus , both methods lead to contaminated estimates of Hl(m). Other methods 
of estimating t he f r eQuency r e sponse functions are feasible but re~uire 
additional study . 
For the spec ial case of i sotropic turbulence ~X1X2 (ill) = 0, the 
r esults r educ e to 
(60) 
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and 
Thus, the spectrum case yields biased estimates which are 
an amount that depends upon the product of the ratios of 
(61) 
!H2(W) 12 
2' The cross-spectrum method yields an unbiased estimate and IHl (w) I 
is clearly to be preferred under these circumstances, 
The coherency function y2(w) for this case is given by 
(62) 
which in the incoherent case, which applies to isotropic turbulence, 
reduces to 
y2(w) == ____ 1___ _ (63 ) 
I H2( w) I 2 
IHl (w) 12 
Thus, in order to insure high coherency, it is necessary that 
( 64) 
or that the predoninant part of the re sponse in z(t) arises from the 
di sturbance Xl (t) . 
_ _ ________________________________ _______________________ ~_~ _ _r__------------------------
-~-----~------~~~~---------------------------------------------------------------------~--------------------
1 
L 
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Two-Dimensional Turbulence 
If the vertical turbulence varies across the airplane span or is 
two-dimens ional w(t,y) and equations (27) and (28) are applied to 
mea surements of a response z(t) and the gust input measured at a point, 
for example, on the airplane center line w(t,O), then serious distortion 
in the estimates of the frequency-response function may be introduced. 
As indicated in reference 8, the estimates IHs(w)12 and Hc(w) in this 
case are defined by 
and 
where 
b 
H( w, y) 
b/2 ~ ~w(w,y) H(w,y) dy 
Hc (w) := _-_b.L../_2 ______ _ 
Illw(w, 0) 
airplane span 
cross-spectrum between vertical-gust velocities at sta-
tions ° and y 
(65 ) 
(66) 
cross-spectrum between gust velocity at span positions Yl 
and Y2 for isotropic turbulence 
influence frequency-response function designating the air-
plane response to unit sinusoidal gusts at station y 
Thus , for the case of two-dimensional turbulence, equations (65) and (66) 
yield average forms of the influence-type function H(w,y) where the 
a veragi ng differs in the two cases and depends upon the span, the gust 
spectrum, and the variat i ons with y of the influence functions H(w,y). 
I t is clear that, i f spanwi se variations in turbulence exist, the esti-
cates for the frequency-response function H(w) for gusts uniform acros s 
the span can be ser i ously distorted. 
A rough estimate of the effects of these spanwise variations in tur-
bulence on the estimates of. H(w) was derived in reference 8 and is 
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repeated herein in order to indicate the order of magnitude of the dis-
tortions that may be expected from this source. For this purpose, it is 
as sumed that 
H(m,y) = H(m)r(y) 
where H(ru) is the response to unit sinusoidal gusts that are uniform 
across the span and r(y) may be viewed as a span-position weighting 
factor (f: I: r(y) dy "1). This assumption is an oversimplification 
but serves t~e present purpose of assessing the magnitude of the span-
wise effects. Substituting equation (67) into equations (65) and (66) 
yields 
where 
I Hs (m) I = IH(rn)! 1'1 (rn) } 
Hc(m) = H(ru)r2(m) 
( 68) 
The quantities rl(rn) and F2(ru) given by equation (69) were evaluated 
for an assumed spectrum for isotropic atmospheri c turbulence and a uni-
form variation of r(y) on the basis of results given in reference 13. 
A value of 0.1 was assumed for the ratio of the airplane span b to the 
scale of turbulence L. The results obtained are shown in figure 16 and 
are an indication of the distortions in estimating H(rn) due to the 
spanwise variations in turbulence that may be expected for the two methods. 
Note that phase estimates obtained by the cross-spectral method are not 
affected by the spanwise variations in turbulence . 
I 
'- , 
I 
I 
I 
I 
I 
i 
. I 
------~~------,----------~------------------~ 
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The results shown in figure 16 for rl(ru) and r 2(ru) were applied 
to the estimates of the frequency-response function for the center-of-
gravity normal acceleration obtained by the spectrum and cross-spectrum 
methods (see fig. ll(a)). The adjusted results are shown in figure ll(b). 
The close agreement between the two adjusted results between the fre-
quencies of about 0 . 25 and 2 cycles per second lends credence to the 
foregoing argument on span effects and implies that the spanwise varia-
tions in the turbulence are the principal source of distortion in the 
estimates over this frequency region . At the lower and higher fre-
quencies, other factors may also affect the estimates. 
The coherency function between the gust velocity w(t,O) and the 
response can be obtained from equations (29), (30), and (68) and is 
given by 
/,2 ( ru) 
From the results of figure 16, it can be seen that /,2(ru) has a value 
of 1 at zero frequency and decreases to about 0.90 at 1 cps and to about 
0.80 at 3 cps. 
nore detailed information on the function H(ru,y) can unfortunately 
not be recovered from measurements of turbulence restricted to w(t,O) 
but requires more complete measurements of w(t,y) . If the turbulence is 
measured at stations Yl' Y2' • • . yp along the span, for a given fre-
quency the following relation applies between the Fourier transforms of 
the response and the gust inputs at the various span positions. 
This relation leads to the following linear relations for the cross-
spectra between the various gust inputs and the response ~.z(ru): 
l 
(71) 
(i = 1, 2, ... p) (72) 
where ~WiWk(ru) is the cross-spectrum between the gust inputs at sta-
tions Yi and Yk' Measurements of ~wiz(ru) and ~WiWk(ru) may in 
principle be used in these p linear equations to solve for the 
l 
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p functions H(m'Yk) representing the frequency-response function of 
the system t o unit sinusoidal gusts at position Yk' The application of 
equat ion (72) would presumably require long sample times inasmuch as the 
individual coherency functions between the gust velocities w(t,y) and 
z(t) would be low. Another condition on this approach is the require-
ment for significant spanwise variations in the turbulence. These varia-
tions may be difficult to obtain in flight tests but are perhaps easier 
to realize in wind-tunnel tests. 
RELIABILITY OF PRESENT TEST RESULTS 
In this section of the paper, the preceding analysis is applied in 
assessing the reliability of the test results of part I. For this pur-
pose, various noises believed to be present in the measurements are 
examined and their effects on the coherency, power spectra, and frequency-
response functions are evaluated. The principal aim of this assessment 
is to establish the magnitude of the possible bias or distortion intro-
duced in the frequency-response functions and to determine their statis-
tical sampling reliability. 
The analysis indicates that the coherency functions between the gust 
input and the strain responses provide an indication of the possible 
presence of distortions arising from noise and also control the size of 
the sampling error. For these reasons, the discussion will commence with 
an examination of the noise sources that may be expected to yield reduc-
tions in the coherency function. It will be helpful in reading the fol-
lowing material to keep in mind that noise in either the input or output 
reduces the coherency. However, only input noises introduce distortions 
in the frequency-response functions obtained by the cross-spectral method 
which will be of principal concern. Estimates of the reduction in coher-
ency function due to various noise sources are derived. These estimates 
for the coherency function are then compared with the values of coherency 
determined directly from the test measurements as a check on the consistency 
of this analysis with the test data. The magnitudes of the associated dis-
tortions in the measured frequency-response functions and the sampling 
errors are then considered. 
Coherency Function 
The principal noise sources giving rise to reductions in coherency 
and bias in the present frequency-response functions are believed to be 
the following: 
I 
I 
I 
I 
I 
I 
I 
___________________________________________________________________________________ J 
-~------------~-----~---~-, 
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(a) Instrument errors 
(b) Record reading errors 
(c) Extraneous disturbances 
(1) Longitudinal (head-on) gusts 
(2) Lateral (side) gusts 
(3) Spanwise variations in vertical turbulence 
(4) Pilot control motions. 
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A crude assessment of the effects of these noise sources was made and 
indicates that each of these factors might be expected to yield signifi-
cant reductions in the coherency functions at least over a part of the 
frequency r ange of concern. The magnitude of these reductions in coher-
ency between the gust velocity and the various strain responses varied 
somewhat inasmuch a s these reductions, in general, depend upon the ratio 
of the power spectrum of the strain response (or input) arising from the 
noise source to the uncontaminated power spectrum of the strain (or input). 
Representative or average values for the percent reductions in the coher-
ency ari s ing from each noise source are shown in the following table: 
Estimated percent reductions in the 
coherency functions by noise source 
Noi se source for frequencies of 
-
<0 .3 cps 0.3 to 2 cps 2 to 3 cps >3 cps 
I nstrument errors 
· · 
-- -------- ? ? 
Reading errors 
· · · 
0 o to 10 10 to 25 25 
Side gusts 
· · 
20 -------- -------- --
Head- on gusts . 
· · · 
10 10 10 10 
Spanwi se gust 
variations . 
· · 
10 5 to 20 20 to 30 30 
Pilot control 
motions . . 
· · 
10 -------- -------- --
Total . . 
· · 
50 15 t o 40 40 to 65 65 
where the dashed lines indicate a negligible reduction. Of the six noise 
source,s listed in the table, three (side gusts, head-on gusts, and control 
motions) are believed to affect only the output measurements whereas the 
other three affect both the input and output, and the noise in both was 
I 
L 
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considered. The overall reductions shown in the l a st row of the table 
are obtained simply by an addition of the reductions due to individual 
errors . It is worth noting some of the considerations involved in 
arriving at the estimates for the individual values given in the table. 
The instrument errors were generally considered t o be negli gible 
except for frequencies above 3 cps. As indicated by the instrument 
characteristics given in table II, most of the instruments employed, 
as well as the recorders, had high natural frequencies above 10 cps and 
high damping. The frequency-response functions for all instruments were 
thus essentially flat to 5 cps for most of the important instruments. 
Phase shifts introduced by the instruments were suffiCiently small to 
be considered negligible, below 2 or 3 cps. The overall accuracy values· 
quoted in table II for the various measurements are based upon static 
and dynamic bench tests of the recorders . In general, the accuracies 
quoted were below the levels of the reading error . 
One exception to this satisfactory instrument situation is the vane 
measurements of angle of attack. Measurements of the angle of attack 
indicated a noticeable oscillation at about 6 cps which appears to be 
associated with the natural bending frequency of the boom. The level 
of this oscillation was sufficiently high to mask the angle-of-attack 
variations at frequencies above 3 cps for low-altitude tests and at even 
lower frequencies at high altitudes. As a consequence, the high-altitude 
gust data were not used and the low-altitude gust data are considered 
suspect at frequencies above 3 cps and possibly also between 2 and 
3 cps. No quantitative estimates could be made for this effect, and for 
this reason the table shows a question mark for the higher frequencies. 
Fortunately, in most cases, the strain responses above 2 cps were small 
and therefore this limitation is not too serious for the low-altitude 
tests. 
When the effects of reading errors were considered, estimates of the 
power spectrum and the root-mean-square value of the reading error were 
obtained by determining the power spectra of the differences between 
repeated readings of some of the present records. The results obtained 
indicate that the power spectrum of the reading error was flat over most 
of the frequency range with a root-mean- square value of 0 .003 inch of 
film deflection. This result is in agreement with results obtained in 
other investigations . There was some evidence to suggest that the method 
of reading which involved periodic adjustment of a reference level intro-
duce s additional power to the spectrum of reading error at the lower fre-
quencies. The magnitude of the additional error is difficult to specify 
and appears to vary widely. Except for this condition at the very low 
frequencies, the effects of reading error can be estimated reasonably 
well. 
J 
I 
--------------------------------------------------------r-------------- -------------------' 
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The estimated root-mean-square values of the reading error for the 
various quantities are summarized in table IV and indicate that in almost 
all cases the root-mean-square reading error 0e was less than 10 percent 
of the true root-mean-square value for the quantity. Inasmuch as a root-
mean- square reading error of 10 percent of the true root-mean-square value 
yields only a one-half percent increase in the measured root-mean-square 
value, the effects of the reading error on the root-mean-square values 
are negligible, as can be seen from the results of table IV. The ampli-
fication A shown in this table of the true root-mean-square value 0true 
due to reading error indicates that in almost every case the error is less 
than about 1 percent. 
Although the reading error has a small effect on the root-mean-square 
values, the ratio of the power spectrum of the reading error to the pow.er 
spectrum of the uncontaminated strains appears to be sizable at the 
higher frequencies for most of the measurements. The associated reduc-
tion in coherency may, therefore, be expected to be large at the higher 
frequencies in many cases . For the strain and acceleration measurements , 
the effects of reading error appear to be negligible over the frequency 
region from 0 to 2 cps. At higher frequencies, these errors become more 
important because of the lower power levels for the responses and the 
flat character of the reading-error spectrum. A reduction of about 
5 percent at 3 cps is estimated to arise from this source. At higher 
frequencies, the reduction may be expected to increase rapidly. 
The effects of reading errors on the gust velocity also appear to 
be significant. The rapid decrease with frequency in the spectra of 
both the gust velocity and the vane angle-of-attack error and the low 
sensitivity of the vane (1/10 inch of film deflection per degree angle-
of-attack change) result in relatively high values for the ratios of 
the noise power to signal power at the higher frequencies. For the vane 
angle-of-attack measurements, this ratio is estimated to increase slowly 
with frequency to 0.1 at 2 cps but then it increases rapidly to 0.20 at 
3 cps and to higher values at frequencies above 3 cps. The values given 
in the preceding table represent estimates of the combined effects of 
the reading errors in the input and output measurements. 
The airplane wing strain responses to side gusts and head-on gusts 
can normally be expected to be small except at very low frequencies. 
(For isotropic turbulence, which approximates atmospheric conditions, 
the strains from these sources can be expected to be incoherent with 
the strains arising from vertical gusts .) For the side gust case, 
significant strain responses may be excited in the neighborhood of the 
Dutch roll mode of the airplane which, in this case, was centered at 
about 0 .16 cps. These effects can be expected to be more pronounced 
at the outboard stations . The airplane strain responses to head-on 
gusts are likewise generally small except possibly at frequencies in the 
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neighborhood of the airplane phugoid oscillation. ROugh estimates of 
the magnitude of 4hese responses were used with equation (63) to arrive 
at the estimates shown in the foregoing table. 
The effects of spanwise variations in the turbulence on the strains 
are difficult to evaluate accurately. The crude analysis developed for 
the spanwise effects is, however, believed to yield estimates of at least 
the order of magnitude of these effects on the coherency between the ver-
tical gust velocity and the strain and acceleration responses. The value 
in the table is based on the results in figure 16 and equation (70). 
The s e estimates should apply best to the root strains and center-of-gravity 
acceleration because of the assumptions in their derivation. In addition, 
an arbitrary value of 10 percent is given in the table for the very low 
frequencies to account for the contributions to the strains arising from 
asymmetries in the vertical turbulence. 
The effect s of control motions were evaluated by an examination of 
the records obtained with the control-position recorders. In the overall, 
the pilots made infrequent use of the control surfaces during the gust 
tests. The control motions were largely restricted to a few aileron con-
trol movements, presumably to correct for deviations in the airplane roll 
attitude. These control motions were, in general, slowly applied and are 
not believed to affect the coherency functions at frequencies above 
3/10 cps. 
In order to determine how well the foregoing estimates approximate 
the actual conditions, figure 17 shows a comparison of representative 
coherency functions obtained directly from the test measurements with 
those given by the results of the foregoing table. Figure 17 shows the 
measured coherency function between the gust input and the outputs of 
normal acceleration and strains at two stations. For this comparison, 
a smooth curve was used to approximate the variations of the coherency 
function with frequency given by the table. In general, the estimates 
derived appear to approximate the general character of the measured 
results with a low coherency below 0.30 cps, a relatively high coherency 
level of 70 to 90 percent between 0.3 cps and 2 cps, and a rapid reduc-
tion at the higher frequencies. This consistency implies that the noise 
structure in the measurements has been approximated reasonably well by 
the analysi s . The distortions introduced in the frequency-response 
functions by this noi se structure are considered next. 
Distortions in Measured Frequency-Response Functions 
The analysis of the contributions of the various noise sources to 
the reduction in coherency provides a basis for estimating the bias or 
distortion in the frequency response arising from these noise sources. 
, ---------
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The analysis has indicated that incoherent noise sources in the output 
introduce no s i gnificant distortions in the cross-spectral estimates of 
the frequency-response function. Thus, it may be expected that effects 
of side gusts, head-on gusts , and control motions do not s ignificantly 
affect the frequency-response functions obtained by the cross-spectrum 
method. This conclusion is particularly applicable to frequencies above 
0 .30 cps, where present concern i s centered, and is perhaps subject to 
some question at lower frequencies. 
The remaining three sources of noise, instrument errors, reading 
errors, and spanwise gust variations, do however affect the input meas-
urements and, on the basis of the preceding analysis, may be expected 
to introduce distortions in the estimated frequency-response functions. 
The principal source of instrument error was associated with the effects 
of vibrations of the boom on the angle-of-attack measurements. No quan-
titative measure of the distortions due to this source could be given 
although it does not appear likely that these vibrations yielded any 
appreciable error at frequencies below 2 cycles per second . 
The reading errors in the gust determination and spanwise variations 
of turbulence appear to give rise to significant distortions in the esti-
mated frequency-response functions. Based on the analysis of the reduc-
tions in the coherency function given in the table, it is estimated that 
the amplitudes of the frequency-response functions obtained by the cross-
spectral method are too low by the percentages given in the following 
table for the two sources: 
Percentage error in amplitude 
Source for frequencies of -
< 0.3 cps 0·3 to 2.0 cps 2.0 to 3.0 cps 
Reading errors . . . . . . . 0 0 to 10 10 to 20 
Spanwise gust variations 0 5 to 20 20 to 30 
Total . . . . . . 0 5 to 30 30 to 50 
These values are crude estimates but are believed to approximate the 
actual situation, at least for frequencies between 0.3 and 2 cps. At 
frequencies between ~ and 3 cps, the strain responses are, in general, 
very low and thus the large underestimation is not too important. These 
estimates of the distortion should be applied to the present results 
(figs. 12 and 13) in order to make direct quantitative comparisons with 
results obtained in other studies . It is felt that these distortions 
apply about equally well to the acceleration responses which are used 
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as reference conditions; thus, these distortions do not affect internal 
comparisons aimed at establishing the magnitude of the flexibility effects . 
The distortion in estimates of the frequency-respons e function 
obtained by the spectral method may also be derived on the basis of the 
preceding analysis. These distortions, in general, would appear to be 
larger for the spectrum case , particularly at low frequencies, inasmuch 
as the distortions ariSing from side gusts, head- on gusts, and control 
motions would have to be considered in greater detail. In addition, 
reading errors in the output measurements will also give rise to dis-
tortion in the spectrum case whereas in the cross-spectrum case no dis-
tortion due to this source occurs. The larger distortions and the dif-
ficulty of estimating their magnitudes accurately in the spectral method 
contribute to making this technique a less satisfactory one than the 
cross-spectral technique. 
The results of figure ll(b), in which the estimates of the frequency-
response function obtained by the two methods are adjusted for effects of 
the spanwise variations in turbulence, show good agreement between fre-
quencies of 0.30 cps to 2 cps . This good agreement implies that the 
spanwise variations in turbulence are the principal sources of noise 
error in this frequency region. The discrepancies at both l ower and 
higher frequencies in figure ll(b) are attributed to the effects of the 
lateral motions and pilot control motions for the low frequencies and 
the effects of reading errors and instrument errors, particularly in 
the input, for the very high frequencies. 
Statistical Sampling Errors 
In order to estimate the statistical reliability of the measured 
frequency-response functions, the measured coherency functions and the 
charts in figure 15 were used to derive 90-percent confidence intervals 
for the frequency-response functions. Figure 18 illustrates typical 
results obtained and shows the confidence bands for the center-of-gravity 
acceleration response and the bending-strain response at the front spar 
at station 54 . Examination of figure 18 indicates that, except for the 
very low and very high frequencies, the amplitudes are reliable to within 
about ±20 percent of the measured value. At the extreme frequencies 
(below 0.30 cps and above about 1.80 cps) the amplitudes are far less 
reliable because of the lower coherency at these frequencies and in some 
cases are, in fact, so large as to suggest that reliable estimates cannot 
be obtained in these frequency regions. The phase angles also appear to 
be very reliable with the confidence bands less than tlOO about the meas-
ured values for frequencies between about 0.30 and 2 cps. At the higher 
and lower frequencies, the confidence bands for the phase angle are also 
cons iderably increased because of the lower coherency. 
~ - - - -- - - - -------~--------------------~-----------------~-...,....-------------------------" 
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A further verification of the statistical reli ability of the pr esent 
results is indicated by the consistency of the results obtained from t~e 
independent estimates made from the two 2-minute samples as illustrated 
by the results for the center- of- gravity acceleration shown in figure 14 . 
COMMENTS ON RANDOM- PROCESS TECHNIQUES OF 
FREQUENCY- RESPONSE DETERMINATION 
A few comments appear to be warranted on the random-process tech-
niques as employed in this study for the determination of airplane 
frequency- response functions . The results obtained in the present study 
indicate that r easonably reliable frequency- response functions for air-
plane responses to rough air may be obtained from full-scale flight 
tests in continuous turbulence. Two methods were employed for this 
purpose - the spectral method and the cross - spectral method . The cross-
spectral method definitely appears to be preferable, inasmuch as the 
results obtained with this method are affected less by extraneous dis-
turbances, particularly disturbances affecting the output measurements. 
These are of particular s ignificance for atmospheric turbulence problems 
inasmuch as the lateral and longitudinal components of turbulence are 
always present . In addition, only the cross - spectral method provides 
phase information . 
The analysis indicates that great care is required in the applica-
tion of random-process techniques in frequency-response determinations 
and in the interpretation of the results. Extraneous noises may ser i -
ously affect the reliability of the results by introducing distortions 
and by limiting the statistical reliability of the results. I n the 
present investigation, the significant noise sources were reading err or s, 
extraneous gust components, spanwise variations in turbulence, and pilot 
control mot ions. For the lower frequencies, which were of particular 
concern in the present investigation, these noises did not give rise to 
serious distortions. In addition, it appears possible to estimate the 
magnitude of the distortions and to correct for them by using the methods 
developed herein. For the higher frequencies, the effects of these noises 
were more serious and, in fact, did not permit reliable results to be 
obtained. Fortunately, the higher frequencies were of only minor concern 
in the present study. 
Improvements in the reliability of the results can be obtained by 
a number of precautions . These include improvements in instrumentation, 
particularly in regard to increased sensitivity and adequate frequency 
response. Efforts to obtain more intense levels of gust input disturb-
ance will also be beneficial. The statistical sampling errors do not 
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appear to be too serious a difficulty. In the present investigation, 
samples of 2-minute duration lead to statistical or sampling uncertainty 
of about 10 to 20 percent for the lower frequencies. The magnitude of 
these uncertainties can, of course, be reduced by either longer sampling 
durations, achievement of higher coherencies, or by averaging estimates 
over a wider frequency band. 
The results obtained in the present investigation suggest that the 
use of random disturbance inputs may also prove to be practical in exper-
imental frequency-response determinations for responses to other types 
of disturbances than gust disturbances; for example, control surface 
motions and acoustic disturbances. The use of random inputs for these 
purposes can provide substantial reduction in testing time when compared 
with conventional techniques involving sinusoidal inputs. As compared 
with discrete pulse techniques which are frequently used for this purpose, 
the random-input techniques appear to provide equivalent levels of 
accuracy. In addition, they may offer a number of practical advantages. 
These include the ability to control the effects of extraneous disturb-
ances and a more realistic representation of the character of actual 
disturbance functions met in practice. 
CONCLUDING REMI'illKS 
The foregoing analysis of the strain responses of a large swept-
wing airplane in rough air has indicated that the wing-bending and shear-
strain responses at the various stations are amplified by rather large 
amounts because of the dynamic responses of the structure. The amount 
of amplification in the bending strains was about 10 to 20 percent at 
the root stations but increased to values in excess of 100 percent in 
some cases at the midspan stations. The shear strains showed a similar 
pattern across the airplane span but also indicate larger variations 
between the front and rear spar stations. The large variations in strain 
responses across the airplane span indicate that the strain distributions 
in gusts are very different under rough-air loading conditions than under 
the usual maneuver loadings and warrant detailed and separate considera-
t i on in design. In general, the predominant source of strain amplifica-
tion was associated with the excitation of the fundamental wing-bending 
mode. Ebwever, at the outboard stations and particularly in the case 
of the shear strains, significant contributions to the strains arise 
from the higher symmetrical and antisymmetrical vibration modes. Thus, 
the effects of these higher modes on the ~trains may also have to be con-
sidered in stress calculations, depending upon the degree of accuracy 
required. 
A detailed analysis of the reliability of frequency - response func-
tion estimates obtained by random-process techniques, particularly as 
____ ~_. ~ ______ __ ~ ____________________ ~ ________________ ----r--------~-~----------~ 
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affected by extraneous noise, was given. The effects of such noises in 
giving rise to systematic errors or distortions and random sampling errors 
were explored and results of general applicability obtained. These 
results were also applied to the present test data in order to establish 
their reliability and to derive adjustments for the distortions. The 
important result obtained is the indication that with appropriate pre-
cautions flight tests in rough air of a few minutes duration may be used 
to obtain reliable estimates of airplane frequency-response functions. 
Langley Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 
Langley Field, Va., March 18, 1958. 
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TABLE I 
PERTINENT PHYSICAL CHARACTERISTICS AND 
Total wing area, sq ft 
Wing span, ft 
Wing aspect ratio 
DIMENSIONS OF TEST AIRPLANE 
Wing thickness ratiO, percent 
Wing taper ratiO . . . • . . • 
Wing mean aerodynamic chord, in. 
Wing sweepback (25-percent-chord line), deg 
Total horizontal-tail area, sq ft . . . . . 
Horizontal- tail span, ft . . . . . . . . . . . 
Horizontal- tail mean aerodynamic chord, i n. 
Horizontal- tail sweepback (25-percent-chord line), deg . 
Airplane weight: 
For tests at 5 ,000 feet, lb 
For tests at 35,000 feet, lb 
NACA TN 429l 
1,428 
116 
9 .43 
12 
0.42 
155·9 
35 
268 
33 
102·9 
35 
ll3,000 
112,000 
1 
I : ~ _____________________________________________________________________________ , ________________________________ J 
TABLE II 
SUMMARY OF INSTRUMENT CHARACTERISTICS AND ACCURACIES 
Quantity Measurement Instrument Instrument 
measured stati.on range sensitivity 
N.ormal accelera- 34 . 2 percent C ±l 1.01 g/in. ti.on, g units 
4 radians/s~c Pitching vel.oc -ity, 25 .0 percent C ±o.25 0 . 25 . 
radians/sec l.n . 
Vane- indicated 79 inches 0 .183 radians angle of attack, ahead .of t o·5 in . 
radians .original n.ose 
Dynamic pressure, 140 inches ahead Appr.oximately 
lb/sq ft .of o t.o Boo 100 lb/sq ft/in . 
.original n.ose 
Static pressure, 132 inches ahead Appr.oximately 
lb/sq ft .of a t.o 2 , 200 200 lb/sq ft/in . 
.original n.ose 
Time, sec ---------- ------ - ----- ---- -- --------- - -- - --
Bending and Eight l.ocati.ons 
---- ------ - - - -- --------- ---shear strains (see fig. 2 ) 
L-. 
aOptical recor ding element, f n » 10 cps. ~echanical-.optical rec.ording element, f n » 10 cps . 
Natural frequency, Film. 
speed, fn' cps, .of -
in./sec SenSing Rec.ording 
element element 
0 . 25 8 · 5 (a ) 
0 .25 6 . 7 (a ) 
10 at 200 
mph; 10 0 . 25 20 at 400 
mph 
0.25 >50 (b ) 
0 . 25 >50 (b ) 
---- - --- ----- ---
1 . 0 (d ) 100 
~amping adequate far pr esent applicati.on .of airspeed and altitude data . 
dstr ain gages, fn »10 cps. 
Appr.oximate 
damping 
rati.o .of -
Sensing Rec.ording 
element element 
0 · 7 ( a ) 
0 . 67 ( a ) 
0 . 1 0 · 7 JPjPo 
(c ) (b ) 
(c ) (b ) 
- ---- - -- --
(d ) 0.67 
I 
Estimated I 
instrument I 
accuracy - : 
0 .005 
I 
I 
0.005 I I 
J 
, 
0 .002 
1.0 
2.0 
0 .005 
±3 percent 
~ 
~ 
~ 
+=" 
f\) 
\0 
f-' 
\Jl 
f-' 
-1 
------"-~----------..~----------------------------------------------------------- ------- - . ~ - - "--
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TABLE III 
STRAIN INDICATION PER g AS DETERMINED IN 
SLOW PULL-UPS IN SMOOTH AIR 
EO' strain indication per g for -
Wing Spar Bending strain at - Shear str ain at -station 
5,000 ft 35 , 000 ft 5,000 ft 35,000 ft 
54 Front 0 . 47 0 · 54 0 . 15 ----
54 Rear .81 · 97 .50 0 · 53 
252 Front .45 . 60 ---- ----
252 Rear . 43 · 55 .19 . 29 
414 Front . 42 
· 58 ·32 .42 
414 Rear 
·51 . 60 .16 .20 
572 Front . 18 . 26 .43 · 53 
572 Rear . 25 . 36 . 16 . 21 
l. I ------- ------------------- ---------------------------------,---- - ----- ------------ - --~ 
TABLE rv 
AMPLIFICATION OF ROOT-MEAN-SQUARE VALUES DUE TO RECORD READING ERRORS 
Measurement Station Spar 
,-
54 Front 
54 Rear 
252 Front 
Bending 252 Rear 
strain 414 Front 
414 Rear 
572 Front 
572 Rear 
54 Front 
54 Rear 
252 Front 
Shear 252 Rear 
strain 414 Front 
414 Rear 
572 Front 
572 Rear 
Acceleration Center of gravity 
( a) 1 °e [ ~ 2J ~O 1+- = °meas true 2 0true ) 
° 
Percent 
100 e at - amplification) 
° (~e 100A at -
al 
5,000 ft 35,000 f't 5,000 ft 35,000 ft 
4.3 8.,6 0.09 0·37 
2·5 4.6 .03 .11 
3·8 4.6 .07 .1,1 
3·9 4.9 .08 .12 
2·5 3·5 .03 .06 
2·5 3.4 .03 .06 
11. 7 11.8 .68 ·70 
9·5 7.4 .45 .27 
6.6 ---- 0.22 ----
3.3 11.3 .05 0.64 
---- ---- ---- ----
11.9 7·1 ·71 .25 
3·5 9.4 .06 .44 
5.6 8.1 .15 .33 
7·1 3·2 .25 .05 
14.5 8.8 1.05 .39 
2.6 5·0 0.03 0.11 
0true (1 + A) where A = ~ (.0 cre )2 
\ true 
I 
I 
I 
I 
I 
I 
i 
, 
I 
I 
I 
I 
~ 
~ 
~ 
.;::-
f\) 
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Figure 2 .- Three -view drawing of test airplane. 
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Figure 7. - Comparison of power spectra of measured normal acceleration 
at center of gravity for two altitudes. 
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Figure 11.- Comparison of frequency-response function estimates 
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~ 
~ 
~ 
+=-
f\) 
\0 
I-' 
CJ\ 
\0 
70 
3 
Ul 2 p. 
~ 
C\l 
() 
Q) 
Ul 
'-.... 
~ 
--....... 
S 
() 
~ 
0 
150 
100 
50 
o 
- 50 
- 100 
o 
NACA TN 4291 
Sample 1 
/~ V\ - --- Sample 2 
I / \ 
I 
I 
,I 
/ 
J 
// 
/ 
./ 
;/ 
\~" 
\~ 
_1\ ~ / .......... 
" 
D - . ---
, 
---
-
-
I 
-
.5 1.0 1.5 2 .0 2 .5 3.0 
f, cps 
(a) Amplitude. 
V j 
;1 
If 
1I 
.5 1.0 
V~/ Ir 
P 
1.5 
f, cps 
(b) Phase . 
2.0 
r;:: I -
" / ~J~ 
--
~ V 
2.5 3.0 
Figure 14 . - Comparison of frequency- response functions of center- of-
gravity acceleration for two data samples of low-altitude tests. 
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Figure 15 .- Ninety-per cent confidence interva l s f or amp litude and phase of estimates of 
frequency- r esponse funct i on . 
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Figure 16. - Span averaging functions rl(f) and r 2 (f). 
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Figure 17 .- Comparison of estimated coherency functions between ver-
tical gust velocity and airplane responses with measured results. 
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(a) Center- of -gravity acceleration . 
Figure 18 .- Statistical reliability of frequency-response functions of 
center- of- gravity acceleration and bending strain to vertical gust 
velocity . 
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(b) Bending strain, front spar, station 54 . 
Figure 18 .- Concluded . 
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